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We construct stellar models of hadron stars and hybrid stars and calculate the frequencies of their
lowest radial mode of vibration. Chandrasekhar’s equation for radial oscillations is generalized for
stars with internal electric fields and earlier versions of that generalization are simplified. For the
hybrid stars a Gibbs construction is employed. It is found that the softening of the equation of state
associated with the presence of deconfined quarks reduces the oscillation frequency. We show that
a slight charge inbalance should lead to increased maximum mass, decreased central density and
lower oscillation frequencies.
I. INTRODUCTION
The research on stellar oscillations within the frame-
work of GR goes back to the early studies of Chan-
drasekhar from almost half a century ago [1]. The field
continues to attract great interest, because the investiga-
tion of stellar oscillations can reveal the inner structure
of dense stars and shed light on the equation of state of
superdense matter. In this paper we focus exclusively
on radial oscillations, for which the assumption of spher-
ical symmetry holds. While radial oscillations are not
detectable by gravitational waves due to the vanishing
quadrupole moment of a radially moving sphere, they
are in principle observable by emission of electromag-
netic radiation, whenever there is a charge separation
at the surface of the star. First calculations for radial
modes with a sample of different EoS were performed
in [2][3][4]. A large survey of radial oscillations for sev-
eral zero-temperature equations of state was done in [5].
The radial modes of strange stars were studied in [6][7]
and references therein. In [7] the effect of color-flavor
locking in the quark phase of strange stars on the radial
modes was investigated. They found, that the oscilla-
tion periods for high mass strange stars are shifted to
higher values, as the gap parameter is increased. Non-
linear effects in radial oscillations were discussed in [8],
where it was found that they may stabilize stars beyond
the ”maximum mass limit”, due to nonlinear coupling of
modes.
This paper complements the existing studies on ra-
dial modes in several respects. First, we consider stel-
lar models which give maximum masses close to the
present observational limit of 2M [9][10]. Second, we
calculate the radial modes for stars with a Gibbs con-
struction and consider realistic equations of state for the
quark and hadronic phases [11][12]. Some of the previ-
ous studies on radial modes for hybrid stars [13] used
the Maxwell construction, where there is a discontinu-
ity in the baryon density. As demonstrated in [14] the
models with Maxwell construction lead to higher maxi-
mum masses then their Gibbs counterparts. Generally,
we find a reduction in the frequencies associated with the
deconfinement phase transition.
In our analysis we also consider compact stars with net
electric charge. Of course, we assume that the net charge
is rather small, so that the star is not destroyed by the
Coulomb force. As shown in [15][16][17] even globally
neutral stars can develop strong surface electric fields.
For this purpose we rederive the charge-generalization of
the pulsation equation. This equation has already ap-
peared in different notations in the literature. In the
present paper we provide a clear derivation and obtain a
simpler expression than those given in [18][19]. Below we
apply the derived oscillation equation and present first
numerical results obtained with the correct equation. In
contrast to earlier studies we investigate charged stars
with a realistic EoS. Our results show that the presence
of a slight charge inbalance may help to reconcile soft
equations of state with observations of massive pulsars.
Furthermore, an enhancement of the oscillation period at
given central baryon density is observed.
II. EQUATION OF STATE FOR HYBRID STARS
Presently it is not possible to describe nuclear matter and
deconfinied quark matter in an unified approach. We are
forced to calculate each phase separately and match them
by a phase transition. Here we will employ the Gibbs con-
struction, which corresponds to a small surface tension of
nuclear matter. Within the Gibbs approach there is a co-
existence region, where both phases coexist with varying
proportions. This is in contrast to the Maxwell construc-
tion, where two pure phases meet at one boundary. In
contrast to the Maxwell approach, we do not encounter a
discontinuity in the density. This is crucial for the appli-
capility of the perturbative approach, which requires the
smallness of all perturbed quantities, including the fluid
pressure and density. The Gibbs condition is more in-
volved, because there are 2 (ore even more) independent
chemical potentials, each corresponding to one globally
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2conserved charge. In this case the Gibbs condition reads
P1(µB , µQ) = P2(µB , µQ)
µB1 = µB2
µQ1 = µQ2 ,
where µB and µQ are the independent chemical poten-
tials. For the hadronic phase the relativistic mean field
model is used, which provides an effective and relativis-
tically invariant description for dense multi-particle sys-
tems. The parameters are fitted to the known properties
of nuclear matter at saturation. We use the TM1 pa-
rameter set, which leads to a maximum mass of about
2.2M[20]. The quark phase is described by a MIT bag
model with the free energy [11]
Ω =
∑
i=u,d,s,e
Ωi +
3µ4
4pi2
(1− a4) +B , (1)
where the first term represents the thermodynamic po-
tentials of non-interacting particles, a4 is the interaction
strength and B is the bag constant.
III. CHARGE DENSITY DISTRIBUTION
Below we consider both neutral and charged stars. In
the latter case there is less certainty about the distribu-
tion of charge density ρch than about the EoS. While for
constant density stars ρch might increase monotonically
toward the surface, this distribution is inconsistent with
the employed EoS described above. We assume that ρch
is proportional to the baryon number density. The total
charge is assumed to be small in the sense that the cor-
responding electrostatic energy is smaller than the grav-
itational energy, i.e.
NC
2e2
R
<
GNB
2mp
2
R
,
NC
NB
<
√
Gmp2
e2
< 10−18 , (2)
where NB and NC denote the total baryon number and
charge number, respectively. Below we use the parameter
x = 1019NC/NB , measuring the charge of the star.
IV. OSCILLATION EQUATION
In this section we consider radial oscillations of compact
stars. We briefly sketch the derivation of the pulsation
equation following Chandrasekhar’s work [1]. Addition-
ally we allow for a non-vanishing net charge.
The line element of the Schwarzschild-like metric is
given by
ds2 = −e2Φdt2 + e2Λdr2 + r2dθ2 + r2sin2θdφ2 (3)
where the metric potentials Φ and Λ are only functions
of x0 = t and x1 = r. Then the Einstein tensor is given
by
G 00 = −e−2Λ
[
2r−1Λ′ − (1− e2Λ) r−2] (4)
G 11 = e
−2Λ [2r−1Φ′ + r−2]− r−2 (5)
G 22 = e
−2Λ
[
Φ′′ − Φ′Λ′ + Φ′2 + r−1 (Φ′ − Λ′)
]
+ e−2Φ
[
Φ˙Λ˙− Λ¨− Λ˙2
]
(6)
G 10 = 2r
−1e−2ΛΛ˙ , (7)
where a′ and a˙ denote ∂ra and ∂ta, respectively. The
stress-energy tensor is given by
T νµ = (ρ+ P )uµu
ν + Pg νµ
+
1
4pi
[
FµαF
αν − 1
4
g νµ F
βγFβγ
]
, (8)
where ρ, P and F denote the fluid energy density, fluid
pressure and the Maxwell tensor, respectively. Due to
spherical symmetry, F10 = −F01 = Er is the only
nonvanishing component of F . For the Schwarzschild
metric the enclosed electric charge is defined as Q ≡
4pi
∫ r
0
r′2eΦ+Λj0dr′. Maxwell’s equation ∂µ [
√−gF νµ] =
4pi
√−gjν relates the enclosed charge to the electric field
Q = r2e−Φ−ΛE. Therefore the differential equations for
the charge are given by
Q˙ = −4pir2ρcheΦ+Λu1 (9)
Q′ = 4pir2ρcheΦ+Λu0 , (10)
where (9) follows from Maxwell’s equation and (10) is
true by definition. The nontrivial components of the co-
variant divergence of the stress-energy tensor are
T ν0 ;ν = ∂0T
0
0 + ∂1T
1
0 + Λ˙
(
T 00 − T 11
)
+
(
Φ′ + Λ′ + 2r−1
)
T 10 (11)
T ν1 ;ν = ∂0T
0
1 + ∂1T
1
1 −
(
Φ˙ + Λ˙
)
e2Λ−2ΦT 10
+ Φ′
(
T 11 − T 00
)
+ 2r−1
(
T 11 − P −
Q2
8pir4
)
.
(12)
In order to evaluate Einstein’s equation at equilibrium,
we impose stationarity and set the radial velocity to zero.
Λ0
′ = 4pirρ0e2Λ0 +
1− e2Λ0
2r
+
Q0
2e2Λ0
2r3
(13)
Φ0
′ = 4pirP0e2Λ0 +
e2Λ0 − 1
2r
− Q0
2e2Λ0
2r3
(14)
P0
′ = − (ρ0 + P0) Φ0′ + Q0Q0
′
4pir4
(15)
Φ0
′′ = Φ0′Λ0′ − Φ0′2 + r−1
(
Λ0
′ − Φ0′
)
+ 8pie2Λ0P0 +
e2Λ0Q0
2
r4
(16)
(15) is the condition of hydro-electrostatic equilibrium
derived by Bekenstein in [21]. Neglecting nonlinear terms
3in the perturbations, the 4-velocity can be written as
u0 = e−Φ u1 = ve−Φ0 u0 = −eΦ u1 = ve2Λ0−Φ0 , (17)
where v is defined as
v =
dx1
dx0
. (18)
As pointed out in [22], it is not justified to replace Φ by
Φ0 in the expressions for u
0, u0. If we subtract from (12)
the same equation evaluated at equilibrium and keep only
terms linear in the perturbations, we obtain
e2Λ0−2Φ0 (ρ0 + P0) v˙ + δP ′ +
Q0Q0
′ξ′
4pir4
+
Q0Q0
′′ξ
4pir4
+
Q0
′2ξ
4pir4
+ Φ0
′ (δρ+ δP )
+ (ρ0 + P0) δΦ
′ = 0 . (19)
ξ = r− r0 is the absolute displacement of a fluid element
relative to its equilibrium position. The time derivative
of the displacement ξ is equal to the radial velocity v.
v =
dξ
dt
(20)
Assuming that the perturbations obey an harmonic time
dependence eiωt (19) reduces to
e2Λ0−2Φ0 (ρ0 + P0)ω2ξ = δP ′ +
Q0Q0
′ξ′
4pir4
+
Q0Q0
′′ξ
4pir4
+
Q0
′2ξ
4pir4
+ Φ0
′ (δρ+ δP )
+ (ρ0 + P0) δΦ
′ = 0 , (21)
where the variables for the perturbations now denote
their time-independent amplitudes. (21) is the prototype
of the pulsation equation. What remains to be done, is
to insert in (21) the expressions for δρ, δP , δP ′ and δΦ′.
If we inspect the only offdiagonal component of Eintein’s
equation, keep only linear terms and integrate, we arrive
at
δΛ = − (Φ0′ + Λ0′) ξ . (22)
The diagonal components of Einstein’s equation can be
subtracted from their equilibrium values. After lineariza-
tion, one obtains
δρ = −ξρ0′ − (ρ0 + P0) e
Φ0
r2
(
r2e−Φ0ξ
)′
(23)
δΦ′ = 4pire2Λ0δP + 2Φ0′δΛ + r−1δΛ
− Q0δQe
2Λ0
r3
, (24)
where the charge-dependence of δρ in (23) is only im-
plicit. We assume a barotropic equation of state P =
P (ρ) and define the adiabatic index as
γ =
ρ0 + P0
P0
dP0
dρ0
(25)
Therefore δP is already constrained as
δP =
dP0
dρ0
δρ = −ξP0′ − γP0e
Φ0
r2
(
r2e−Φ0ξ
)′
(26)
If the equation of state is not barotropic and the pressure
is a function of the energy density and baryon density,
it is possible to define the adiabatic index in such a way
[1], as to preserve the relationship between δρ and δP .
Therefore the pulsation equation does not rely on this
assumption. With the previous equations, (21) reduces
to
ω2e2Λ0−2Φ0 (ρ0 + P0) ξ = −e−Λ0−2Φ0
[
eΛ0+3Φ0
γP0
r2(
r2e−Φ0ξ
)′ ]′ − (ρ0 + P0) Φ′02ξ + 4r−1ξP0′
+ 8pi (ρ0 + P0) ξe
2Λ0P0 + (ρ0 + P0) r
−4ξe2Λ0Q02 . (27)
This pulsation equation is equivalent to equation (28) in
[18] and equation (4.13) in [19], but in contradiction to
the corresponding equation in [23], which seems to be
wrong. We prefer our version, because it is more com-
pact and captures the difference from Chandrasekhar’s
equation in a single term.
V. RESULTS
To calculate the frequencies in the linear approxima-
tion we first solve the equations of relativistic stellar
structure. Then the discrete values of ω2 are found by
matching the boundary conditions ξ(r = 0) = 0 and
∆P (r = R) = 0. The calculations were done with a 4th
order Runge-Kutta algorithm with constant stepsize. A
cubic spline interpolation scheme is used for the realis-
tic EoS given in tabulated form. To test the validity of
our program and eliminate the dependence on the inter-
polation part, a comparison was made with the results
for the polytropic equation of state p = κρ1+1/n given
in [5]. Using the parameters n = 1 and κ = 100 km we
observe deviations in ω0
2 below 1%, except for a single
star with central energy denisty ρc = 5.65 10
15g/cm3, for
which the relative error in ω0
2 exceeds 13%. In this case
the star is close to the maximum mass configuration and
the value of ω0
2 is almost zero, giving rise to the large
relative error. We verified, that the code gives zero os-
cillation frequency at both extrema in the mass-radius
diagram.
The integration of the eigenmode equation on a stellar
background with the Maxwell phase transition can lead
to positive values of ω2, even though dMdnc < 0. In [13]
the question was risen, how to align this behavior with
the known static stability criterion [24]. While not con-
sidered in the present study, we argue that in the case
of density jumps the eigenmode equation should not be
applied through the discontinuity, but rather for each
phase separately, with additional boundary conditions at
the phase boundary.
410 11 12 13 14 15 16
radius   (km)
1.2
1.4
1.6
1.8
2
2.2
2.4
m
a
s
s
  
 ( M
_ S
u n
)
TM1
200 MeV
210 MeV
220 MeV
J0348+0432
10 11 12 13 14 15 16
radius   (km)
1.2
1.4
1.6
1.8
2
2.2
2.4
m
a
s
s
  
 ( M
_ S
u n
)
TM1
0.7
0.8
0.9
J0348+0432
FIG. 1: Mass-radius diagram of hybrid stars with a Gibbs
construction. The lower limit for the maximum mass given
by PSR J0348+0432 [10] is indicated. In the upper pannel the
parameters for the quark phase are ms = 100 MeV , a4 = 0.8
and B
1
4 as indicated in the plot. In the lower pannel the
parameters are ms = 100 MeV B
1
4 = 210 MeV and a4 as
indicated in the plot.
In Figure 1 we show the mass-radius diagramm of neu-
tral hybrid stars for different parameter choices of the
quark matter EoS. We vary the value of the bag con-
stant (upper pannel) and the a4-parameter (lower pan-
nel), which parameterizes corrections from the strong in-
teraction. An increase in the bag constant yields higher
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FIG. 2: Square of the oscillation frequency of the fundamental
mode as function of the central baryon number density. The
parameter choices for both pannels are the same as in Figure
1.
critical densities for the phase transition. To comply with
the mass limit the presence of the mixed phase is limited
to a small region at the center. The associated frequen-
cies are shown in Figure 2. At the onset of the phase
transition there is a kink in the frequency curve. The
critical central density, for which instability sets in, is
shifted to lower values. The mass-radius and frequency
diagramms for charged hybrid stars are given in Figure
3. The Coulomb repulsion augments the masses and re-
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FIG. 3: Mass-radius diagramm (upper pannel) and square
of the oscillation frequency of the fundamental mode (lower
pannel) for different values of x, defined in section 2. The
parameters for the quark phase are: ms = 100 MeV , a4 = 0.8
and B
1
4 = 200 MeV .
duces the frequencies of the fundamental radial mode.
This reduction is given at all values of central densities,
but is more pronounced above 0.12fm−3. The central
densities associated with the maximum mass are shifted
to lower values. In Fig. 3 we show results only for rela-
tively small values of x, because at higher x the central
pressure approaches zero and the star structure should
change.
VI. CONCLUSION
We have constructed models of hadronic and hybrid stars
consistent with recent observations [10]. It was shown,
that the presence of deconfined quarks at the center of
hybrid stars reduces the oscillation frequencies of the fun-
damental radial mode. We have generalized the equation
for radial eigenmodes to the case of charged stars. The
general behavior is a decrease in the oscillation frequency
at given central baryon density. The onset of instability
is shifted to lower central densities. The departure from
global charge-neutrality is accompanied by a substancial
increase in the gravitational mass. This stems from the
energy of the electric field and the Coulomb repulsion,
which allows the star to contain more baryons. The mass
increase allows to reconcile the observational constraint
with soft equations of state, which are otherwise ruled
out. Similar to the case of rotating equilibria, there ex-
ists a class of charged supermassive stars, for which there
are no neutral stars with the same baryon number.
VII. APPENDIX
For completeness we give the oscillation equation (27)
in two different notations, encountered in the literature.
A. Bardeen’s form
In [25] (27) was written in a form, which exhibits its
Sturm-Liouville nature. With the renormalized displace-
ment function u = r2e−Φ0ξ (27) reduces to
d
dr
[
P du
dr
]
+
[Q+ ω2W]u = 0 (28)
P = eΛ0+3Φ0r−2γP0 (29)
Q = (ρ0 + P0) r−2Φ′02eΛ0+3Φ0 − 4r−3P0′eΛ0+3Φ0
− 8pi (ρ0 + P0) r−2e3Φ0+3Λ0P0
− (ρ0 + P0) r−6e3Φ0+3Λ0Q02 (30)
W = e3Λ0+Φ0r−2 (ρ0 + P0) (31)
Our Q agrees with the expression in [19], but is in contra-
diction to the expression in [23], which we believe to be
wrong. We find Q de Felice = Q+eΛ0+3Φ0Q0Q0′′/
(
4pir6
)
.
B. Gondek-Rosinska’s form
Chanmugam has written (27) in [3] as a system of two 1st
order equations for (∆P/P0)
′ and (ξ/r)′. This is numeri-
cally advantageous in order to avoid the second derivative
∂2rρP . Similarly, Gondek-Rosinska et. al. have written
(27) in [26] as a system for ∆P ′ and (ξ/r)′. This choice
simplifies the outer boundary condition at the surface.
6We follow them and use the variable ζ = ξ/r, which is
equal to their ξ.
dζ
dr
= −1
r
[
3ζ +
∆P
γP0
]
+ ζΦ0
′
d∆P
dr
= ζ
[
ω2e2Λ0−2Φ0 (ρ0 + P0) r − 4P0′ + (ρ0 + P0) Φ′02r
− 8pir (ρ0 + P0) e2Λ0P0 − (ρ0 + P0) r−3e2Λ0Q02
]
−∆P
[
Φ0
′ + 4pir (ρ0 + P0) e2Λ0
]
(32)
Acknowledgments
We thank J. Schaffner-Bielich, S. Schramm and R. P.
Negreiros for fruitful discussions. We thank Irina Sagert
for providing the EoS tables on her web page. This
work was supported by the Hessian LOEWE initiative
through the Helmholtz International Center for FAIR
and the Helmholtz Graduate School for Hadron and Ion
Research. I. M. acknoledges partial support from the
grant NSH-215.2012.2 (Russia).
[1] S. Chandrasekhar, Astrophys. J. 140, 417 (1964)
[2] B. K. Harrison, K. S. Thorne, M. Wakano, J. A.
Wheeler, Gravitation Theory and Gravitational Collapse
(Chicago: University of Chicago Press) (1965)
[3] G. Chanmugam, Astrophys. J. 217, 799 (1977)
[4] E. N. Glass, L. Lindblom, Astrophys. J. Supp 53, 93
(1983)
[5] K. D. Kokkotas and J. Ruoff, Astron. Astrophys. 366,
565 (2001)
[6] O. G. Benvenuto, J. E. Horvath, Mon. Not. Roy. As-
tron. Soc., vol. 250, 679 (1991)
[7] C. Vasques Flores, G. Lugones, Phys. Rev. D 82, 063006
(2010)
[8] M. Gabler, U. Sperhake, N. Andersson, Phys. Rev. D,
80, 064012 (2009)
[9] P. Demorest, T. Pennucci, S. Ransom, et al., Nature
(London) 467, 1081 (2010).
[10] J. Antoniadis, P. C. C. Freire, N. Wex, et al., Science,
340, 448 (2013)
[11] M. Alford, M. Braby, M. Paris, S. Reddy, ApJ, 629, 969
(2005)
[12] S. Weissenborn, I. Sagert, G. Pagliara, M. Hempel and
J. Schaffner-Bielich, ApJ 740, L14 (2011)
[13] C. Vasquez Flores, C. H. Lenzi and G. Lugones, DOI:
10.1142/S201019451200829X
[14] A. Bhattacharyya, I. Mishustin and W. Greiner, 2010, J.
Phys. G: Nucl. Part. Phys., 37, 025201
[15] C. Alcock, E. Farhi, and A. Olinto, The Astrophysical
Journal 310, 261 (1986)
[16] R. Negreiros, F. Weber, M. Malheiro, and V. Usov, Phys-
ical Review D 80, 083006 (2009)
[17] I. N. Mishustin, C. Ebel, and W. Greiner, Journal of
Physics G 37, 075201 (2010)
[18] I. Glazer, Astrophys. J. 230, 899 (1979)
[19] P. Anninos and T. Rothman, Phys. Rev. D 65, 024003
(2001)
[20] Y. Sugahara, H. Toki, Nucl.Phys. A 579, 557-572 (1994)
[21] J. Bekenstein, Physical Review D 4, 2185 (1971)
[22] H. Knutsen, J. Pedersen, Physica Scripta, Volume 75,
Issue 1, pp. 87-89 (2007)
[23] F. de Felice, L. Siming and Y. Yunqiang, Class. Quantum
Grav. 16 266980 (1999)
[24] P. Haensel, A. Y. Potekhin, D. G. Yakovlev, Neutron
Stars 1: Equation of State and Structure, New York:
Springer, 2007. ISBN 0387335439
[25] J. M. Bardeen, K. S. Thorne and D. W. Meltzer, Astro-
phys. J. 145, 505 (1966)
[26] D. Gondek, P. Haensel, and J. L. Zdunik, Astron. Astro-
phys. 325, 217 (1997)
